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In the present work, the optimal portfolio minimizing the investment risk with cost
is discussed analytically, where this objective function is constructed in terms of two
negative aspects of investment, the risk and cost. We note the mathematical similarity
between the Hamiltonian in the mean-variance model and the Hamiltonians in the
Hopfield model and the Sherrington–Kirkpatrick model and show that we can analyze
this portfolio optimization problem by using replica analysis, and derive the minimal
investment risk with cost and the investment concentration of the optimal portfolio.
Furthermore, we validate our proposed method through numerical simulations.
KEYWORDS: mean-variance model, investment risk with cost, investment concentration, Lagrange multi-
plier method, replica analysis
1. Introduction
The portfolio optimization problem is one of the most actively researched topics
in mathematical finance, coming from the theory of diversification investment manage-
ment put forth by Markowitz in his pioneer works in 1952 and 1959.1, 2) In mathematical
finance, (especially operations research), investment optimality in some practical situ-
ations has been discussed,3–5) but only analysis of an annealed disordered system in
the literature of spin glass has been discussed for the portfolio optimization problem,
whereas analysis of the quenching system which is desired by rational investors has
been given little attention. Recently, however, such analysis of the quenched disordered
system desired by rational investors in the context of diversified investment has started
to be investigated using the analytical approaches developed in statistical mechanical
informatics and econophysics.6–23) For instance, Ciliberti et al. examined the investment
risk of the absolute deviation model and the expected shortfall model in the portfolio
∗shinzato@eng.tamagawa.ac.jp
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optimization problem with a budget constraint by using replica analysis. Specifically,
they analyzed the typical behavior of the ground state in the limit of absolute zero
temperature (the optimal solution of the portfolio optimization problem).6, 7) Pafka et
al. compared the eigenvalue distribution of the variance-covariance matrix derived from
practical data with the eigenvalue distribution of the variance-covariance matrix defined
by novel variables mapped by Cholesky decomposition and discussed three types of in-
vestment risks in diversification investment.8) Kondor et al. evaluated the relationship
between noise and estimated error of each optimal portfolio with respect to several risk
models: the mean-variance model, the absolute deviation model, the expected short-
fall model, and the max-loss model.9) Caccioli et al. used replica analysis to determine
whether the optimal solution of the expected shortfall model with ridge regression is
stable.10) Furthermore, Shinzato et al. replaced the portfolio optimization problem in-
cluding a budget constraint with an inference problem using the Boltzmann distribution
and derived analytically the trial distribution which can approximate the Boltzmann
distribution based on the Kullback–Leibler information criterion using a belief propa-
gation method. They also derived the faster solver algorithm for the optimal solution
using the trial distribution.11)
As described above, various investment models have been examined using replica
analysis and a belief propagation method in these previous studies,12–23) but in recent
years, attention has been given to the mathematical similarity between the Hopfield
model and the most representative investment models, that is mean-variance model.
For instance, Shinzato showed with the Chernoff inequality and replica analysis that
the investment risk of the mean-variance model and the investment concentration of the
optimal portfolio satisfy the self-averaging property.12) In addition, Shinzato analyzed
the minimization problem of investment risk with constraints of budget and investment
concentration by using replica analysis, comparing the results with those of a previous
work,12) as well as analyzing the influence of the investment concentration constraint
on the optimal portfolio.13) Moreover, Shinzato further investigated the maximization
problem of investment concentration with constraints of budget and investment risk in
a previous work13) and the corresponding minimization problem as a counterpart, and
derived the mathematical structures of the two optimal portfolios of the primal–dual
optimization problems.14) Further, Tada et al. resolved the primal–dual optimization
problems by using Stieltjes transformation of the asymptotical eigenvalue distribution
of the Wishart matrix in order to validate the findings in previous works13, 14) where
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the analysis used replica analysis.15) That is, they reexamined the minimization prob-
lem of investment risk with constraints of budget and investment concentration (and
the corresponding maximization problem) and the maximization problem of investment
concentration with constraints of budget and investment risk (and the corresponding
minimization problem) without using replica analysis or the replica symmetry ansatz.
In addition, Shinzato considered the minimization problem of investment risk with con-
straints of budget and expected return, and the maximization problem of expected
return with constraints of budget and investment risk as a primal–dual optimization
problem, analyzing them by using replica analysis and reexamining the relationship
between the two optimal portfolios.16) Varga-Haszonits et al. generalized the minimiza-
tion problem of investment risk with constraints of budget and expected return that
was considered in the work by Shinzato16) and analyzed the stability of the replica
symmetry solution.17) Shinzato examined the minimization problem of investment risk
with constraints of budget and expected return by using replica analysis and derived a
macroscopic theory like the Pythagorean theorem of the Sharpe ratio and opportunity
loss.18) In addition, Shinzato analyzed the minimization problem of investment risk with
a budget constraint when the variance of the asset return is not unique using replica
analysis and a belief propagation method and calculated the minimum investment risk
per asset and the investment concentration of the optimal portfolio.19) Furthermore,
using the asymptotic eigenvalue distribution of the Wishart matrix, Shinzato in a pre-
vious work20) reexamined the minimization problem of investment risk per asset with
constraints of budget and investment concentration of the optimal portfolio handled
in the earlier work.19) As a related case, Shinzato examined the minimization prob-
lem of investment risk with a budget constraint when the return is characterized by
a single-factor model by using replica analysis and succeeded in quantifying the influ-
ence of common factors included in the minimal investment risk.21) Moreover, Shinzato
examined the minimization problem of investment risk with constraints of budget and
short-selling by using replica analysis when the asset returns are independently and
identically distributed, and confirmed that the minimal investment risk per asset based
on the replica symmetric ansatz has a first-order phase transition.22) Following Shin-
zato’s results, Kondor et al. examined the problem of the minimization of a specific type
of risk function with constraints of budget and short-selling by using replica analysis for
the case that each asset return is not necessarily distributed identically for all assets,
and clarified that their minimal risk function has a first-order phase transition.23)
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As described above, at various investment opportunities, objective criteria (such
as investment risk, purchase cost, expected return, and investment concentration) that
rational investors hope to know have been examined using the approaches of a quenched
disordered system (e.g., replica analysis and a belief propagation method). However, it
is also known that rational investors do not directly use only these objective criteria, but
rather investment activities are carried out based on each investor’s utility function.24, 25)
Such a utility function is based on investment preferences (namely, risk averse/risk
neutral/risk loving) of each investor, and furthermore, the utility function involves a
combination of investment risk, purchase cost, and expected return. Among the previous
cross-disciplinary research, few studies discussed the utility function, so it has been
difficult to build a theory that appropriately supports investment decisions by rational
investors.
Therefore, in order to provide a seamless connection between the analytical approach
discussed in previous works6–23) and the analysis of utility functions, that is, as a first
step of an analysis of utility functions, we examine the minimization problem of a loss
function defined by two objective criteria under a budget constraint by using replica
analysis. In particular, we assume the utility function of the rational investors whose
hope is to reduce two negative aspects of investment, the investment risk (fluctuation
risk of the held asset occurring during the investment period) and purchasing (or selling)
cost (cost incurred in investing).
The remainder of the paper is organized as follow. In the next section, the portfolio
optimization problem with a budget constraint for minimizing the loss function defined
by the investment risk and purchasing cost (which we refer to hereafter as the investment
risk with cost) is formulated. Section 3 demonstrates that the computation complexity
for finding the optimal portfolio minimizing the investment risk with cost is increasing
with the number of assets by an analysis of this portfolio optimization problem with the
Lagrange multiplier method, and therefore that it is difficult to evaluate this problem in
practical situations. In section 4, with the aim of avoiding this computational difficulty
when using the Lagrange multiplier method, we assess the minimal investment risk
with cost per asset and its investment concentration by using replica analysis. Further,
we compare the findings obtained by our proposed method with the minimal expected
investment risk with cost and its investment concentration derived from the analytical
procedure in previous work. In section 5, the effectiveness of our proposed method
is verified by numerical simulations. The final section is devoted to summarizing the
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present study and discussing future research.
2. Model Setting
In the present work, we consider the portfolio optimization problem with a budget
constraint in which one invests in N assets at each of p periods in a stable investment
market with no restrictions on short-selling and show the properties of the optimal
portfolio minimizing the objective function defined by the two loss functions capturing
the negative aspects of investment, investment risk and purchasing cost. First, the
portfolio of asset i(= 1, 2, · · · , N) is wi ∈ R, and the portfolio of all N assets is ~w =
(w1, w2, · · · , wN)
T ∈ RN . The notation T indicates the transpose of a vector or matrix
and, using the same setting as in previous works6–23) , the budget constraint of the
portfolio ~w is defined as
N∑
i=1
wi = N. (1)
In addition, the return of asset i at period µ(= 1, 2, · · · , p) is represented by x¯iµ, and
is independently distributed according to some distribution with mean E[x¯iµ] = ri and
variance V [x¯iµ] = vi. Moreover, purchasing cost per portfolio of asset i at the first
period of investment is ci. Using this notation, the investment risk and total purchasing
cost are giving by
Risk =
1
2N
p∑
µ=1
(
N∑
i=1
wix¯iµ −
N∑
i=1
wiri
)2
=
1
2
N∑
i=1
N∑
j=1
wiwj
(
1
N
p∑
µ=1
xiµxjµ
)
, (2)
Cost =
N∑
i=1
wici. (3)
Since the first term of the first line in Eq. (2),
∑N
i=1wix¯iµ, describes the total return
at period µ and the second term
∑N
i=1wiri represents its expectation, the investment
risk is defined by the sum of the squared of differences between the total return at each
period,
∑N
i=1wix¯iµ, and the expected total return
∑N
i=1wiri. Further, for the sake of
simplicity, here the modified return xiµ = x¯iµ − ri is used; note that the mean and the
variance of the modified return xiµ are E[xiµ] = 0 and V [xiµ] = vi, respectively. Eq. (3)
represents the total purchasing cost.
Based on the above model setting, as the objective function, using the cost toler-
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ance η(> 0), the investment risk plus the total purchasing cost at the first period of
investment is represented as H(~w|X,~c) = Risk + η × Cost (and is what we are calling
the investment risk with cost), and is expressed as
H(~w|X,~c) =
1
2
~wTJ ~w + η~cT ~w, (4)
where the variance-covariance matrix (that is, the Wishart matrix) defined by the mod-
ified return xiµ, J = {Jij} ∈ R
N×N , and cost vector ~c = (c1, c2, · · · , cN)T ∈ RN
are used in Eq. (4). Specifically, the (i, j)th component of Wishart matrix J is
Jij =
1
N
∑p
µ=1 xiµxjµ. Moreover, using return matrix X =
{
xiµ√
N
}
∈ RN×p, J = XXT
is also defined. From the definition of the investment risk with cost in Eq. (4), cost
tolerance η is the tolerance degree of the investor with respect to the added cost.
One point should be noticed here. The investment risk with cost discussed in this
work,H(~w|X,~c), is regarded as the Hamiltonian in this investment system, which allows
us to apply several analytical approaches developed in spin glass theory to analyze the
typical behaviors of the optimal portfolio of this portfolio optimization problem multi-
directionally. The reason for this is that, given N Ising spins ~S = (S1, S2, · · · , SN)
T ∈
{±1}N and extremal magnetic field ~h = (h1, h2, · · · , hN)
T ∈ RN , square symmetric
matrix J represents Hebb’s law in the case of the Hopfield model and/or the RKKY
interaction matrix in the case of the Sherrington-Kirkpatrick (SK) model. The Hamil-
tonian of the Hopfield or SK model H(~S) is defined by
H(~S) = −
∑
i>j
JijSiSj −
N∑
i=1
hiSi
= −
1
2
~STJ ~S −~hT~S, (5)
where the notation
∑
i>j means the sum over all pairs (i, j) satisfying i > j. Comparing
Eqs. (4) and (5), it is easily seen that they are mathematically similar with respect to
these two models. Moreover, Wishart matrix J = XXT ∈ RN×N defined in Eq. (4) is
related to Hebb’s law in the Hopfield model and the aim of both problems is to minimize
the Hamiltonian. Therefore, using replica analysis and belief propagation developed in
fields engaged in cross-disciplinary research such as spin glass theory and statistical
mechanical informatics, we can analyze the portfolio optimization problem and derive
several novel insights for diversification investment theory. That is, the optimal portfolio
minimizing the Hamiltonian constructed from RKKY interaction terms only (i.e., η = 0)
by using the analytical approach for a quenched disordered system has been investigated
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in previous works, where it has been shown that it is difficult to analyze the quenched
disordered system (i.e., the rational investors can be regarded as in spin glass theory)
by using the analytical approach developed in operations research (i.e., the approach for
an annealed disordered system).6–23) As the natural extension of previous works,12–14)
we here add terms of external magnetic fields to investment risk, that is, the total cost,
in order to attempt to construct and analyze a utility function and thereby create a
macroscopic theory, which would enrich the theory of optimal investment risk.
Under the above assumptions, in the limit of a large number of assets N , the minimal
investment risk with cost per asset ε is
ε = lim
N→∞
1
N
min
~w∈W
H(~w|X,~c), (6)
where the feasible subset of portfolio ~w, W =
{
~w ∈ RN
∣∣~wT~e = N } and the vector of
ones ~e = (1, 1, · · · , 1)T ∈ RN are used. From a previous work,12) this minimal investment
risk with cost satisfies the property of self-averaging. Moreover, from the definition of
Eq. (6), the minimal investment risk with cost is related to the analysis of a quenched
disordered system. On the other hand, from the literature of operations research, the
minimal expected investment risk with cost per asset εOR is
εOR = lim
N→∞
1
N
min
~w∈W
EX [H(~w|X,~c)], (7)
where EX [g(X)] is the configuration average of the function g(X). Equation (7) shows
that this description is related to the analysis of an annealed disordered system. There-
fore, the goal of the present work is also to derive and examine the optimal investment
strategy of the portfolio optimization problem with rational investors, so we will discuss
ε in Eq. (6) in detail, but not εOR in Eq. (7).
3. Lagrange Multiplier Method
Here, given return matrix X =
{
xiµ√
N
}
∈ RN×p and using the Lagrange multiplier
method, the minimal investment risk with cost per asset ε and its investment concen-
tration qw are analytically evaluated. Lagrange function L(~w, k) for the minimization
problem of the investment risk with cost in Eq. (4), H(~w|X,~c) under the budget con-
straint in Eq. (1), is defined by
L(~w, k) =
1
2
~wTJ ~w + η~cT ~w + k(N − ~wT~e), (8)
where auxiliary variable k is the Lagrange multiplier variable with respect to the budget
constraint in Eq. (1).
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The extremum of L(~w, k) satisfies ∂L(~w,k)
∂ ~w
= 0 and ∂L(~w,k)
∂k
= 0, so the minimal
investment risk with cost per asset is
ε =
1
2
(
1 + η
N
~eTJ−1~c
)2
1
N
~eTJ−1~e
−
η2
2
1
N
~cTJ−1~c. (9)
Moreover, the investment concentration qw =
1
N
∑N
i=1(w
∗
i )
2 of the optimal portfolio
~w∗ = argmin~w∈W H(~w|X,~c) = (w∗1, w
∗
2, · · · , w
∗
N)
T ∈ RN is
qw =
~eTJ−2~e
N
(
N
~eTJ−1~e
+ η
(
~eTJ−1~c
~eTJ−1~e
−
~eTJ−2~c
~eTJ−2~e
))2
+η2
~eTJ−2~e
N
(
~cTJ−2~c
~eTJ−2~e
−
(
~eTJ−2~c
~eTJ−2~e
)2)
. (10)
In the evaluation of the minimal investment risk with cost per asset ε and the investment
concentration of the optimal portfolio qw, we need to assess six moments,
1
N
~eTJ−1~e,
1
N
~eTJ−1~c, 1
N
~cTJ−1~c, and 1
N
~eTJ−2~e, 1
N
~eTJ−2~c, 1
N
~cTJ−2~c, and also the inverse matrices
J−1 and J−2. However, computing these inverse matrices accurately requires an O(N3)
computation. Thus, we have the problem that as the number of assets N becomes larger,
of course, so does the computation complexity. As the number of assets is typically
N = 103 to 105, it is not easy to assess directly either ε in Eq. (9) or qw in Eq. (10). In
the following section, therefore, we avoid the computation of the inverse of the Wishart
matrix and propose a method for effectively analyzing the minimal investment risk with
cost and the investment concentration of the optimal solution.
4. Replica Analysis
Here, following previous works,6–23) we consider the minimal investment risk with
cost per asset ε and its investment concentration qw in terms of replica analysis. First,
H(~w|X,~c) in Eq. (4) is regarded as the Hamiltonian of this investment system. The
partition function of the investment market (at inverse temperature β), Z(X), is defined
by
Z(X) =
∫
W
d~we−βH(~w|X,~c), (11)
where W is the subspace of feasible portfolios in Eq. (1). Furthermore, using this de-
scription of the partition, from the identity function
ε = − lim
β→∞
{
∂
∂β
lim
N→∞
1
N
EX [logZ(X)]
}
, (12)
it is known that the typical behavior of the minimal investment risk with cost per asset
can be evaluated.23) Similar to in this previous work, in order to assess the configuration
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average of the logarithm of the partition function EX [logZ(X)], we need to analyze the
nth moment EX [Z
n(X)] at n ∈ Z. That is,
lim
N→∞
1
N
logEX [Z
n(X)]
= Extr
Θ
{
1
2
TrQwQ˜w +
1
2
TrQsQ˜s − ~k
T~e
−
α
2
log det |I + βQs| −
1
2
〈
log det
∣∣∣Q˜w + vQ˜s∣∣∣〉
+
1
2
〈(
~k − βηc~e
)T (
Q˜w + vQ˜s
)(
~k − βηc~e
)〉}
,
(13)
is expanded, where Qw = {qwab} and Qs = {qsab} are order parameters (with auxiliary
parameters Q˜w = {q˜wab} , Q˜s = {q˜sab} ∈ R
n×n, ~k = (k1, k2, · · · , kn)T ∈ Rn, (a, b =
1, 2, · · · , n)). Then the set of order parameters is Θ =
{
Qw, Qs, Q˜w, Q˜s, ~k
}
. Moreover,
the notation Extrmg(m) means the extremum of g(m) with respect tom, and the period
ratio is α = p/N ∼ O(1) and ~e = (1, 1, · · · , 1)T ∈ Rn, as above. Note that the order
parameters here are defined by
qwab =
1
N
N∑
i=1
wiawib, (14)
qsab =
1
N
N∑
i=1
viwiawib. (15)
In addition,
〈f(c, v)〉 = lim
N→∞
1
N
N∑
i=1
f(ci, vi) (16)
is used.
In the evaluation of Eq. (13), as the replica symmetry solution,
qwab =

 χw + qw a = bqw a 6= b , (17)
qsab =

 χs + qs a = bqs a 6= b , (18)
q˜wab =

 χ˜w − q˜w a = b−q˜w a 6= b , (19)
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q˜sab =

 χ˜s − q˜s a = b−q˜s a 6= b , (20)
ka = k, (21)
are set. From this, using replica trick limn→0 Z
n−1
n
= logZ,
φ = lim
N→∞
1
N
EX [logZ(X)]
= Extr
θ
{
1
2
(χw + qw)(χ˜w − q˜w) +
1
2
qwq˜w
+
1
2
(χs + qs)(χ˜s − q˜s) +
1
2
qsq˜s − k
−
α
2
log(1 + βχs)−
αβqs
2(1 + βχs)
−
1
2
〈log(χ˜w + vχ˜s)〉+
1
2
〈
q˜w + vq˜s
χ˜w + vχ˜s
〉
+
1
2
〈
(k − βηc)2
χ˜w + vχ˜s
〉}
(22)
is obtained, where the novel set of order parameters θ = {χw, qw, χs, qs, χ˜w, q˜w, χ˜s, q˜s, k}
is used. From these terms in the extremum, the order parameters are
χw =
〈v−1〉
β(α− 1)
, (23)
qw =
1
α− 1
+
〈v−2〉
〈v−1〉2
+ C(η), (24)
χs =
1
β(α− 1)
, (25)
qs =
α
α− 1
[
1
〈v−1〉
+
η2 〈v−1〉 Vc
(α− 1)2
]
, (26)
χ˜w = 0, (27)
q˜w = 0, (28)
χ˜s = β(α− 1), (29)
q˜s = β
2(α− 1)
[
1
〈v−1〉
+
η2 〈v−1〉 Vc
(α− 1)2
]
, (30)
k =
β(α− 1)
〈v−1〉
+ βη
〈v−1c〉
〈v−1〉
, (31)
where
C(η) =
η2 〈v−1〉2 Vc
(α− 1)3
+
2η
α− 1
〈v−2〉
〈v−1〉
δc
10/23
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+
η2 〈v−2〉
(α− 1)2
(Vcc + δ
2
c ), (32)
Vc =
〈v−1c2〉
〈v−1〉
−
(
〈v−1c〉
〈v−1〉
)2
, (33)
δc =
〈v−1c〉
〈v−1〉
−
〈v−2c〉
〈v−2〉
, (34)
Vcc =
〈v−2c2〉
〈v−2〉
−
(
〈v−2c〉
〈v−2〉
)2
. (35)
From these and the identity in Eq. (12), ε = − limβ→∞
∂φ
∂β
, the minimal investment risk
with cost per asset is
ε = lim
β→∞
{
αχs
2(1 + βχs)
+
αqs
2(1 + βχs)2
+
〈
k − βηc
χ˜w + vχ˜s
ηc
〉}
=
α− 1
2 〈v−1〉
+ η
〈v−1c〉
〈v−1〉
−
η2 〈v−1〉Vc
2(α− 1)
. (36)
Further, Eq. (24) gives the extremal investment concentration qw.
In the next section, we will discuss numerical experiments conducted in order to
validate our proposed method. Before then, we should make some comments. First,
a previous work19) has already discussed the portfolio optimization problem in the
situation that cost when investing is ignored, giving the minimal investment risk per
asset and its investment concentration as follows:
ε =
α− 1
2 〈v−1〉
, (37)
qw =
1
α− 1
+
〈v−2〉
〈v−1〉2
. (38)
This corresponds to the case η → 0 of our results. Next, for the portfolio optimiza-
tion problem which minimizes the purchasing cost when ignoring investment risk, the
purchasing cost is defined as
H′(~w|X,~c) =
N∑
i=1
ciwi (39)
and the minimal cost per asset is
ε′ = lim
N→∞
1
N
min
~w∈W
H′(~w|X,~c). (40)
Then, from the relationship ε′ = limη→∞ ε/η and using Eq. (36), the minimal cost per
asset ε′ is obtained as ε′ → −∞. This result is supported by the fact that there does
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not exist, for example, a minimum of the function f(x, y) = 2x+3y of x, y with the two
constraint conditions x + y = 1,−∞ < x, y < ∞. These comments indicate that the
findings obtained by the proposed method are consistent with the well-known properties
of the optimal solution of the portfolio optimization problem.
Lastly, the minimal expected investment risk with cost εOR and its investment con-
centration qORw evaluated using the previous analytical procedure (the approach of an
annealed disordered system) of operations research are as follows:
εOR =
α
2 〈v−1〉
+ η
〈v−1c〉
〈v−1〉
−
η2 〈v−1〉Vc
2α
, (41)
qORw =
〈v−2〉
〈v−1〉2
+
η2 〈v−2〉
α2
(Vcc + δ
2
c ) +
2η
α
〈v−2〉
〈v−1〉
δc.
(42)
As an interpretation of this finding, since, for example, the function f(x) = x− b
x
, (x, b >
0) is monotonically increasing in x, compared with Eqs. (36) and (41),
ε < εOR (43)
is obtained. That is, in the literature of minimization of investment risk with cost, it
has been verified that the minimal investment risk with cost ε does not correspond
to the minimal expected investment risk with cost εOR; and similarly, the investment
concentration of the optimal qw is not equal to the investment concentration of the
solution derived in operations research qORw .
5. Numerical Experiments
In this section, using numerical experiments, a verification of the result based on
replica analysis in the preceding section is performed. First, if the purchasing cost ci
and the variance of return vi do not depend on each other, then the second term of ε in
Eq. (36) and Vc in Eq. (33) reduce to
〈v−1c〉
〈v−1〉 = 〈c〉 and Vc = 〈c
2〉 − 〈c〉2. However, since
this model setting is similar to that of a previous work19), in this paper, we consider the
case that ci and vi are correlated. Here, we assume that the mean of return x¯iµ, ri, is
equal to the purchasing cost ci, that is, E[x¯iµ] = ri = ci. Moreover, we assume that the
second moment of return E[x¯2iµ] is randomly proportional to the square of mean E[x¯iµ],
that is, E[x¯2iµ] = (hi + 1)c
2
i . In this setting, the variance of return is V [x¯iµ] = vi = hic
2
i .
Note that hi(> 0) is the random coefficient and does not depend on ci.
For the concrete setting of the numerical experiments, we assume that ci, hi are in-
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dependently distributed with the bounded Pareto distributions whose density functions
are denoted by
fc(ci) =


(1−bc)(ci)−bc
(uc)1−bc−(lc)1−bc lc ≤ ci ≤ uc
0 otherwise
, (44)
fh(hi) =


(1−bh)(hi)−bh
(uh)
1−bh−(lh)1−bh lh ≤ hi ≤ uh
0 otherwise
, (45)
where uc, lc, uh, lh are the upper and lower bounds of ci, hi, and bc, bh(> 0) are the
powers characterizing the bounded Pareto distributions.
We here do not evaluate analytically the inverse matrix J−1 in Eqs. (9) and (10)
in order to assess the optimal portfolio. Instead, in the following steps, we derive the
optimal portfolio numerically by using the steepest descent method and assess the
minimal investment risk with cost ε and its investment concentration qw.
Step 1. (Initial setting) Assign ci and hi randomly according to the density function
in Eq. (44), fc(ci), and that in Eq. (45), fh(hi). In particular, random variables s
i
c, s
i
h
are independently and identically distributed according to the uniform distribution
on [0, 1), so that ci = (s
i
c(uc)
1−bc + (1− sic)(lc)
1−bc)
1
1−bc and hi = (s
i
h(uh)
1−bh + (1−
sih)(lh)
1−bh)
1
1−bh .
Step 2. (Initial setting) For asset i, the returns of assets x¯iµ are independently and
identically distributed with E[x¯iµ] = ci and V [x¯iµ] = vi = hic
2
i . Moreover, the
modified return is xiµ = x¯iµ −E[x¯iµ]. Thus, the return matrix X =
{
xiµ√
N
}
∈ RN×p
is assigned.
Step 3. (Initial setting) Using the modified return xiµ in Step 2,
Jij =
1
N
p∑
µ=1
xiµxjµ. (46)
Step 4. (Initial setting) Set the initial portfolio ~w and Lagrange coefficient k as ~w0 =
~e = (1, 1, · · · , 1)T ∈ RN and k0 = 1 and the initial of cost tolerance η as ηmin.
Step 5. (Optimization) Using the portfolio at iteration step t, ~wt =
(w1,t, w2,t, · · · , wN,t)
T ∈ RN , and Lagrange coefficient kt, update ~wt+1 (the
portfolio at iteration step t + 1) and the Lagrange coefficient kt+1 (using the
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steepest descent method for L(~w, k) in Eq. (8)) as follows:
~wt+1 = ~wt − γw
(
∂L(~w, k)
∂ ~w
)
~w=~wt,k=kt
, (47)
kt+1 = kt + γk
(
∂L(~w, k)
∂k
)
~w=~wt,k=kt
, (48)
where γw, γk(> 0) are the learning rates of the steepest descent method.
Step 6. (Optimization) Compute the difference between ~wt, kt and ~wt+1, kt+1,
∆ =
N∑
i=1
|wi,t − wi,t+1|+ |kt − kt+1|. (49)
Step 7. (Optimization) If ∆ > δ, then update t ← t + 1 and go back to Step 5.
If ∆ < δ, then, regarding ~wt+1 and kt+1 as the approximations of the optimal
portfolio ~w∗ = argmin~w∈W H(~w|X,~c) and Lagrange coefficient k∗, evaluate the
minimal investment risk with cost per asset ε(η,X) and its investment concentration
qw(η,X), and go to Step 8.
Step 8. (Optimization) If η + dη < ηmax, then update η ← η + dη and go back to
Step 5. If η + dη > ηmax, then stop the steepest descent algorithm.
Note that we do not use either the replica symmetry ansatz and a calculation of
an inverse matrix in this algorithm. Moreover, using this steepest descent method algo-
rithm M times, with respect to the return matrix assigned in the initial setting of the
m(= 1, 2, · · · ,M)th trial, Xm =
{
xmiµ√
N
}
∈ RN×p, which is used to assess the minimal
investment risk with cost ε(η,Xm) and its investment concentration qw(η,X
m) and the
sample averages of the minimal investment risk with cost per asset and the investment
concentration of the optimal portfolio are
ε(η) =
1
M
M∑
m=1
ε(η,Xm), (50)
qw(η) =
1
M
M∑
m=1
qw(η,X
m), (51)
where ε(η,Xm) and qw(η,X
m) are the results of mth trial.
For the numerical simulations, N = 1000, p = 3000, (α = p/N = 3), and the param-
eters of the bounded Pareto distribution are (bc, uc, lc) = (bh, uh, lh) = (2, 4, 1). Further,
(ηmin, ηmax, dη) = (0, 100, 2) defines the range of cost tolerance η and its increment, the
learning rates of the steepest descent method are γw = γk = 10
−3, and the constant
of the stopping condition is δ = 10−6. Finally, the total number of trials is M = 100.
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The numerical results estimated by this steepest descent method with these numerical
settings (orange crosses with error bars) and those based on replica analysis (black solid
lines) are shown in Fig. 1. As shown, the results derived by using replica analysis and
the numerical results are consistent with each other, which verifies the validity of our
proposed method based on replica analysis. In addition, from Eqs. (43), (24), and (42),
the analytical approach developed in operations research in previous works is difficult
to use to examine the minimization problem of the investment risk with cost under
a budget constraint, that is, it is disclosed that the analytical approach developed in
operations research cannot examine the properties of the minimal investment risk with
cost and the investment concentration of the optimal portfolio.
6. Conclusion
In this work, we have investigated using replica analysis the minimization problem
of the investment risk with cost which is defined by two types of loss in investment, the
risk and cost. Concretely, based on mathematical similarity, we regarded the investment
risk with cost as the Hamiltonian of this investment system, and further, since this
system is mathematically analogous to the Hamiltonians of the Hopfield model and
the SK model, we recognized that we could analyze the portfolio optimization problem
using replica analysis. Similar to in previous works,6–23) we were able to examine the
minimal investment risk with cost and the investment concentration of the optimal
portfolio minimizing the investment risk with cost thoroughly based on the replica
symmetry ansatz. In addition, we showed that the minimal investment risk with cost
and its investment concentration which are evaluated by the approach of a quenched
disordered system are in no way consistent with the minimal expected investment risk
with cost and the investment concentration minimizing the expected investment risk
with cost which are evaluated by the approach developed in operations research (that
is, the approach of an annealed disordered system). Using the results of numerical
simulations, we verified the validity of our proposed method based on replica analysis.
Namely, we showed that the properties of the minimal investment risk with cost and
its investment concentration, which are not easily analyzed by the analytical approach
developed in operations research, are revealed by the quenched disordered approach.
In this paper, we assumed that, with respect to the cost per unit portfolio, purchasing
cost is equal to selling cost; however, as future research, we also need to considered the
case that purchasing cost ci (the cost on wi > 0) and selling cost c
′
i (the cost on
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wi < 0) are distinct. For this purpose, as a generalization, we need to consider the
portfolio optimization problem for the case that the cost needs to be represents as a
piecewise linear or nonlinear function; for example, we can change
∑N
i=1 ciwi in Eq. (3)
to
∑N
i=1(cimax(wi, 0)− c
′
imax(−wi, 0)). Moreover, in order to construct a macroscopic
relation of the diversification investment theory, we need to derive a relation between
the macroscopic variables like the Pythagorean theorem of the Sharpe ratio and the
relation of loss opportunity18–20). Further, so as to examine the properties of the utility
function of the optimal portfolio, we need to investigate several performance indicators
rather than merging risk and cost (see appendix B).
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Appendix A: Moments
In this appendix, using replica analysis, we will calculate the six moments in the
argument of Lagrange multiplier’s method, 1
N
~eTJ−1~e, 1
N
~eTJ−1~c, 1
N
~cTJ−1~c, 1
N
~eTJ−2~e,
1
N
~eTJ−2~c, and 1
N
~cTJ−2~c. First, the following partition Z(y,X) is applied:
Z(y,X) =
1
(2π)
N
2
∫ ∞
−∞
d~we−
1
2
~wT(J−yIN )~w+k ~wT~e+θ ~wT~c,
(A·1)
where J = XXT. Further, we analyze
logZ(y,X)
= −
1
2
log det |J − yIN |+
k2
2
~eT(J − yIN)
−1~e
+
θ2
2
~cT(J − yIN)
−1~c+ kθ~eT(J − yIN)−1~c.
(A·2)
For this purpose, we define
φ(y) = lim
N→∞
1
N
logZ(y,X). (A·3)
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Thus, φ(0) and φ′(0) are given by
φ(0) = −
1
2
lim
N→∞
1
N
log det |J |+
k2
2
lim
N→∞
~eTJ−1~e
N
+
θ2
2
lim
N→∞
~cTJ−1~c
N
+ kθ lim
N→∞
~eTJ−1~c
N
, (A·4)
φ′(0) =
1
2
lim
N→∞
1
N
TrJ−1 +
k2
2
lim
N→∞
~eTJ−2~e
N
+
θ2
2
lim
N→∞
~cTJ−2~c
N
+ kθ lim
N→∞
~eTJ−2~c
N
. (A·5)
The second derivatives of φ(0) and φ′(0) with respect to k, θ allow the six moments to
be analyzed exactly. Moreover, in a similar way to that used in a previous work16), since
the logarithm of the partition function maintains the property of self-averaging, using
replica analysis and the replica symmetric ansatz,
φ(y) = lim
N→∞
1
N
EX [logZ(y,X)]
= Extr
χs,qs,χ˜s,q˜s
{
−
α
2
log(1 + χs)−
αqs
2(1 + χs)
+
1
2
(χs + qs)(χ˜s − q˜s) +
1
2
qsq˜s
−
1
2
〈log(vχ˜s − y)〉+
1
2
〈
vq˜s
vχ˜s − y
〉
+
1
2
〈
(k + cθ)2
vχ˜s − y
〉}
, (A·6)
is assessed as follows. From the extremum of the order parameters when y = 0, we
analytically derive χs =
1
α−1 , χ˜s = α − 1, qs =
α
(α−1)3
〈
(k+cθ)2
v
〉
, and q˜s =
1
α−1
〈
(k+cθ)2
v
〉
.
Substituting these into Eq. (A·6),
φ(0) = −
α
2
log
α
α− 1
−
1
2
log(α− 1) +
1
2
−
1
2
〈log v〉
+
1
α− 1
〈
(k + cθ)2
v
〉
, (A·7)
and
φ′(0) =
〈v−1〉
2χ˜s
+
〈v−1〉
2
q˜s
χ˜2s
+
1
2χ˜2s
〈
(k + cθ)2
v2
〉
=
〈v−1〉
2(α− 1)
+
〈v−1〉
2(α− 1)3
〈
(k + cθ)2
v
〉
+
1
2(α− 1)2
〈
(k + cθ)2
v2
〉
, (A·8)
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where χ˜s = α− 1, q˜s =
1
α−1
〈
(k+cθ)2
v
〉
have already been substituted. From this, we can
evaluate the second derivatives of φ(0) and φ′(0) with respect to k, θ analytically as
lim
N→∞
1
N
~eTJ−1~e =
∂2φ(0)
∂k2
=
〈v−1〉
α− 1
, (A·9)
lim
N→∞
1
N
~eTJ−1~c =
∂2φ(0)
∂k∂θ
=
〈v−1c〉
α− 1
, (A·10)
lim
N→∞
1
N
~cTJ−1~c =
∂2φ(0)
∂θ2
=
〈v−1c2〉
α− 1
(A·11)
lim
N→∞
1
N
~eTJ−2~e =
∂2φ′(0)
∂k2
=
〈v−1〉2
(α− 1)3
+
〈v−2〉
(α− 1)2
, (A·12)
lim
N→∞
1
N
~eTJ−2~c =
∂2φ′(0)
∂k∂θ
=
〈v−1〉 〈v−1c〉
(α− 1)3
+
〈v−2c〉
(α− 1)2
,
(A·13)
lim
N→∞
1
N
~cTJ−2~c =
∂2φ′(0)
∂θ2
=
〈v−1〉 〈v−1c2〉
(α− 1)3
+
〈v−2c2〉
(α− 1)2
.
(A·14)
Next, using the result of Eq. (9) in the case of a finite number of assets N , in the
thermodynamical limit of N , these should maintain the self-averaging property, so we
substitute the results in Eqs. (A·9) to (A·11) into (9),
ε =
1
2
(
1 + η
〈v−1c〉
α−1
)2
〈v−1〉
α−1
−
η2
2
〈v−1c2〉
α− 1
=
α− 1
2 〈v−1〉
+ η
〈v−1c〉
〈v−1〉
−
η2 〈v−1〉
2(α− 1)
Vc, (A·15)
which is consistent with the result based on replica analysis in Eq. (36). Similarly, if the
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results from Eqs. (A·9) to (A·14) are substituted into Eq. (10), then it is also verified
that this result corresponds to that based on replica analysis in Eq. (24).
Appendix B: Investment risk with return and cost
Since the model handled in this paper is mathematically analogous to both the
Hopfield model and the SK model, we have focused on the minimization problem of
the investment risk with cost. Here, however, let us consider the minimization problem
of the investment risk with return, which has been widely investigated in operations
research. First, the expected return of the portfolio ~w is defined as follows:
Return =
N∑
i=1
wiri, (B·1)
where ri is the mean of return of asset i, that is, E[x¯iµ] = ri. In this setting, the
investment risk with return is
H(~w|X,~r) =
1
2
~wTJ ~w − g~rT ~w, (B·2)
where g(> 0) is the mixing degree of return. From this, when ηci in the main
manuscript is replaced by −gri, the minimal investment risk with return per asset
is ε = limN→∞ 1N min~w∈W H(~w|X,~r) based on Eq. (36). Then,
ε =
α− 1
2 〈v−1〉
− g
〈v−1r〉
〈v−1〉
−
g2 〈v−1〉Vr
2(α− 1)
, (B·3)
where
Vr =
〈v−1r2〉
〈v−1〉
−
(
〈v−1r〉
〈v−1〉
)2
. (B·4)
In addition, we can also consider the minimization problem of the investment risk with
both return and cost added, that is, the investment risk with return and cost, as follows:
H(~w|X,~r,~c) =
1
2
~wTJ ~w − g~rT ~w + η~cT ~w. (B·5)
Then the minimal investment risk with return and cost per asset ε =
limN→∞ 1N min~w∈W H(~w|X,~r,~c) can be calculated as
ε =
α− 1
2 〈v−1〉
− g
〈v−1r〉
〈v−1〉
+ η
〈v−1c〉
〈v−1〉
−
〈v−1〉V
2(α− 1)
,
(B·6)
V =
〈v−1(ηc− gr)2〉
〈v−1〉
−
(
η
〈v−1c〉
〈v−1〉
− g
〈v−1r〉
〈v−1〉
)2
,
(B·7)
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where ηci in Eq. (4) is replaced by −gri+ ηci. This shows that we can analyze a utility
function which comprises risk, return, and cost. Note that the utility function depends
on the preferences of each investor; that is, the utility function is a subjective criterion
based on each individual’s needs of what the important factors are for the investor to
decide to invest. As individual terms in the utility function, it is well known that the
utility function may include risk, return, and cost (that is, the mixing degree of return
g and cost tolerance η differ between investors). As mentioned in the main manuscript,
investment theory should be deepened in order to meet the needs of each investor and
an optimal investment strategy should be proposed for the rational investor.
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Fig. 1. Results of the replica analysis and the numerical experiments (α = p/N = 3). The horizontal
axis indicates the cost tolerance η, and the vertical axes show (a) the minimal investment risk with
cost per asset ε, and (b) the investment concentration qw. The black solid lines indicate the results of
the replica analysis for (a) Eq. (36) and (b) Eq. (24). The orange crosses with error bars indicate the
results of the numerical simulations.
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